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Supplementary Text Fig. S1 . The QMC results of superconductivity structure factors and single-particle gaps. Fig. S2 . The scaling behaviors of superconductivity structure factors and fermion correlation away from the QCP.
In this section, we briefly review the RG analysis of emergent spacetime SUSY at the QCP of a single massless Dirac fermion (see Refs. [10, 11] of the main text). To that end, consider a single favor of 2+1D massless Dirac fermions that interact with each other through an attractive Hubbard interaction U . The weak Hubbard interaction is irrelevant in 2+1 dimensions, and thus superconductivity can only develop at strong values of |U | > |U c | > 0. Near that superconducting QCP at U = U c , the effective action reads S = d 3 x ψ ∂ψ + g φ ψ T σ y ψ + H.c.
where φ describes the superconducting order parameter, v b is the group velocity of bosons, and ψ = c ↑ , c ↓ T denotes Dirac fermions. In the above action we have adopted {γ 0 , γ 1 , γ 2 } = {σ z , −σ y , σ x } convention. The effective action implies that φ = 0 which characterizes a SC state takes place for r < 0, which in turn generates a finite superconducting gap for Dirac fermions. On the other hand, for r > 0, we obtain φ = 0, and as a result Dirac fermions remain massless. It has been recently shown that the QCP of the above effective action (r = 0) is invariant under the following SUSY transformation generated by ε Grassman variable provided u = g 2 /2, and v b = v F (v F is set to 1 implicitly in Eq. (S1))
where ε is an infinitesimal two-component Grassman variable. Most significantly, it has also been demonstrated that under renormalization group transformations, u and g 2 /2 flow to the same value at the QCP, so do v b and v F . Hence, the superconducting QCP of Dirac fermions realizes an emergent N = 2 Wess-Zumino SUSY model. Notably, the exact scaling dimensions of fermionic and bosonic fields for N = 2 SUSY have been evaluated with ∆ φ = 2/3, ∆ ψ = ∆ φ + 1/2, corresponding to η φ = η ψ = 1/3 anomalous dimensions which is a hallmark of spacetime SUSY.
B. Quantum Monte Carlo study of a single Dirac model with Hubbard interaction
Using the Hubbard-Stratonovic (HS) transformation, it is possible to rewrite the path integral of the Hubbard model in terms of an ensemble of non-interacting fermion path integrals coupled to a local space-time dependent local HS fields. The main steps involve (a) the Suzuki-Trotter expansion of the path integral, namely exp (−β (
where β = 1/T , and (b) the following discrete HS transformations in the density and Cooper channels, respectively
where
It is worth mentioning that the last equations have real solutions for U < 0 only. For each fixed realization of the space-time dependent HS fields, the action can be easily evaluated and equals a fermionic determinant, e.g., the determine of M ρ s i,τ = ∂ τ + βH K /N + λ ρ s i,τ matrix which is N x N y N β dimensional for the the first choice of the HS transformation. On the other hand, both of the above two alternative choices for HS fields respect time reversal symmetry, and since the kinetic term associated with massless Dirac fermions is also time-reversal invariant, it can be verified that the eigenvalues of M ρ/SC have Kramer's degeneracy, and thus their determinants are positive definite. Therefore, the QMC of a single Dirac cone for U < 0 is sign-free. Finally, Metropolis algorithm is used to sample the configurations with important contributions to the path integral.
We use projector QMC to investigate the ground state properties of a single Dirac fermion with attractive Hubbard interactions, described by the Hamiltonian in Eq. (1) of the main text. In the projector QMC, the expectation value of an observable O in the ground state can be evaluated as:
, where ψ 0 is the true ground state wave function and |ψ T is a trial wave function which should have a finite overlap with the true ground state wave function. Note that Θ is projection parameter in the simulation. Although Θ → ∞ is needed to reach the exact ground state, in numerically calculations a sufficient large Θ works for practical purposes of obtaining physical quantities with required accuracy. Because of the absence of sign-problem, we can perform large-scale QMC simulations with large system sizes and sufficiently large Θ. In our QMC simulation, we use periodic boundary condition on the square lattice L × L with largest L = 21. The imaginary-time projection parameter is 2Θ = 60/t for most systems in the calculation. In the calculation of single particle gap, the systems with large sizes are computed using 2Θ = 70/t. We have checked that all the results stay nearly the same when larger Θ are used, which ensures desired convergence to the limit of Θ → ∞.
C. Structure factor and single-particle gap
We employ sign-problem free QMC to compute the structure factors of superconductivity. The results are shown in fig.  S1 (a). We plot the structure factors for L = 13, 15, 17, 19 and fit them by second-polynomial curves. The interpolations of the fitted curves are SC structure factors in thermaldynamics limits. From the results of fitting we can see explicitly that the model features SC long-ranged order when U > 0.85. As the system enters SC phase, it is expected that single-particle gap should be opened by superconducting pairing. In order to verify it, we compute single-particle gap through time-dependent Green's function:
We plot the results of single-particle gap for L = 13, 15, 17, 19 and fit them by linear curves, as shown in fig. S1(b) . The results show that single-particle gaps are opened when U > 0.85.
D. Finite size scaling analysis for the superconducting QCP
To study the critical properties of the superconducting QCP, we perform the finite size scaling analysis. Close to the QCP, the structure factors of SC satisfy the scaling function in two spatial dimensions
In our case, we have assumed the dynamical critical exponent z = 1 due to the linear dispersion of Dirac fermions. F is an unknown scaling function ansatz. This is the standard scaling form of order-parameter structure factors or correlation function of order-parameter bosons in the region sufficiently close to the quantum critical point. Exactly at the quantum critical point, the structure factor of order-parameter boson scales as the following function:
This scaling function defines the anomalous dimension η b . The correlation function exponent ν is defined from the divergent scaling behaviour of correlation length: ξ ∼ (U − U c ) −ν . Slightly deviating from the quantum critical point, the dimensionless quantity is L(U − U c ) −ν , so the structure factor can be expanded as a function of L(U −U c ) −ν multiplying L −z−η b . When close to the QCP, the structure factors for different system sizes L and different U should collapse to a single scaling function if appropriate critical exponents ν and η are chosen. From our data collapse analysis, we obtain the critical point U c = 0.827 and critical exponents η b = 0.32 ± 0.02 and ν = 0.87 ± 0.05. The boson anomalous dimension is consistent with the result extracted from the SC order parameter correlation function.
However, for the fermionic correlation function, one cannot directly use the finite-size scaling function ansatz in Eq. (S5) for both sides around the quantum critical point. This is because in the disordered side (U < U c ) the fermions are gapless and it is the gapless Dirac semi-metal phase, where the fermion's correlation length is always infinite such that the ansatz in Eq. (S5) does not directly apply. At the quantum critical point, the correlation function of Dirac fermions scales as the function:
One important consequence of the emergent SUSY at quantum critical point is the equivalence of anomalous dimensions between fermions and bosons, which distinguish a SUSY quantum critical point from other quantum critical points.
E. The QMC results away from the superconducting QCP
In the main text, we show the scaling behaviours of the SC structure factor and fermions correlation functions at the SC QCP, from which we extract the anomalous dimensions of boson order parameter and Dirac fermions. The results of boson and fermion anomalous dimensions are consistent with the exact result associated with the 2+1D N = 2 SUSY within statistical errors. We further compute anomalous dimensions of boson and fermion in the region away from the SC QCP. The results of boson and fermion correlations in the disordered phase without superconductivity are present in fig. S2 (a) and (b), respectively. From the evolution of anomalous dimensions shown in fig. S2 (c), we can see explicitly that the equivalence of fermion and boson anomalous dimensions, namely η b ≈ η f ≈ 1 3 , only occurs at the SC QCP. In the superconducting phase, as shown in at large distance. Consequently, we conclude that the SUSY emerges only at the SC QCP from the scaling behaviours of boson and fermion correlation functions.
F. Imaginary-time single-particle Green's function and local density of state
The local density of state(LDOS) can be calculated by evaluating the imaginary-time single-particle Green's function
Transforming to imaginary-frequency and then performing Matsubara frequency summation yields the formula G f (τ ) = dω 2π e −τ ω ρ(ω) e −βω + 1
According to the above the formula, the scaling exponents in ρ(ω) ∝ |ω| a and G f (τ ) ∝ 1 τ α theoretically satisfy the relation: α = a + 1. In QMC simulation, calculating the single-particle Green's function G f (τ ) with high accuracy is relatively easy, so it is convenient to obtain the scaling exponent a in the LDOS through extracting α in G f (τ ). As is shown in the main text, we extract the scaling exponent α = 2.34 ± 0.02 from single-particle Green's function. Through stochastic analytic continuation approach, the LDOS can also be obtained, as shown in Fig. 4B of the main text, from which we extracted the scaling exponent α = 1.37 ± 0.07, which is consistent with the exact value of 4/3 associated with the N = 2 SUSY within errorbar. Fig. S2 . The scaling behaviors of superconductivity structure factors and fermion correlation away from the QCP. fig. S1 (b), the single particle gap is opened, which indicates that the fermions correlation function should decay exponentially
